It is well known (see [2] ) that any complex flag manifold is rigid, i.e. its complex structure does not admit any non-trivial small deformations. This is in general false for an analogous class of supermanifolds which we call flag supermanifolds (see n o 1.5 below). Namely, it was shown in [12] that the projective superspace CP 1|m , m ≥ 4, is not rigid.
In this paper, we are going to construct two one-parameter analytic families of homogeneous supermanifolds. The supermanifolds of these families will admit a transitive action of the family of Lie superalgebras D(2, 1; α) discovered by V.G.Kac [4] . The families will be constructed by deforming the projective superspace CP 1|4 and the super-Grassmannian Gr 2|2,1|1 respectively. The constructions give, in particular, two geometric realizations of the exceptional simple Lie superalgebras D(2, 1; α). The results of section 3 were announced in [3] .
Preliminaries

Generalities about supermanifolds.
Under vector superspace and superalgebras we mean Z 2 -graded vector spaces and algebras, where Z 2 = Z/2Z =0,1. The word 'supermanifold' is used in the sense of Berezin-Leites, having in mind the complex-analytic version of the theory (see [1] , [5] , [6] ). Thus, a supermanifold of dimension n|m is a Z 2 -graded ringed space (M, O), where O is a sheaf of commutative superalgebras on a topological space M , supposing that (M, O) is locally isomorphic to a superdomain in C n|m , i.e. to a ringed space of the form (U, F n|m ), where U is an open subset of C n , F n|m = Fn (ξ 1 , ..., ξ m ) and F n is the sheaf of germs of holomorphic functions in C n . Here we assume that the functions from F n are even elements of the structure sheaf, while ξ j are odd ones. Let x 1 , ..., x n denote the standard coordinates in C n . If we identify an open subspace (Ũ , O) of (M, O) with the superdomain (U, F n|m ) in C m|n , then we get the elements x i (i = 1, ..., n), ξ j (j = 1, ..., m) of Γ(Ũ , O) called the local coordinates onŨ . In the intersection of two coordinate domains we can express the local coordinates in one domain by the local coordinates in another one; one gets the so-called transition functions.
Let (M, O) be a supermanifold and J ⊂ O the subsheaf of ideals generated by the subsheaf O1 of odd elements or, which is the same, J = O1 + (O1) 2 . One denotes O rd = O/J . Then M rd = (M, O rd ) is a usual complex analytic manifold of dimension n called the reduction of (M, O), and we have a morphism red: M rd → (M, O). Under this morphism the odd local coordinates ξ j are sent into 0 and the even ones x i into local coordinates X 1 , ..., X n on M rd .
The simplest class of supermanifolds are the so-called split ones. Let (M, F) be a complex manifold and E a locally free analytic sheaf on it. Defining O = F E, we get a supermanifold (M, O). A supermanifold is called split if it is isomorphic to a supermanifold of this form. The structure sheaf O of a split supermanifold admits the Z-grading O = p≥0 O p , where O p p F E; the Z 2 -grading on it is defined from the Z-grading by reducing mod 2. Any supermanifold is locally split, but is not necessarily split globally. In what follows we often omit the index F while denoting the exterior powers, the tensor products etc. of the sheaves of F-modules. We recall a construction which associates with any supermanifold (M, O) a split one. Consider the filtration Denote by T = Der O the sheaf of derivations of the structure sheaf O. Its stalk at x ∈ M is the Lie superalgebra der C O x = der0O x ⊕ der1O x of derivations of the superalgebra O x (the summands with indices0 and1 consist of even and odd derivations respectively). The sheaf T is called the tangent sheaf and its sections holomorphic vector fields on (M, O). The set v(M, O) = Γ(M, O) of all holomorphic vector fields is finite-dimensional if M is compact. We regard it as a complex Lie superalgebra with the bracket
Fix a point x ∈ M . Any δ ∈ der O x satisfies δ(m 2 x ) ⊂ m x and hence defines a linear mappingδ : m x /m 2 x → O x /m x = C which is an element of T x (M, O). This permits us to define an even linear mapping
We note that, in contrast with the classical case, a vector field v is not, in general, uniquely determined by its valuesṽ x at all x ∈ M . Now we are going to define actions on supermanifolds. In order to avoid using the rather complicated machinery of Lie supergroups, we shall deal with Lie superalgebras. Let (M, O) be a connected supermanifold and g a complex (finite dimensional) Lie superalgebra. An action of g on (M, O) is an arbitrary Lie algebra homomorphism ϕ : g → v(M, O). The action ϕ is called effective if Ker ϕ = 0. If an action ϕ is given, then with any x ∈ M the linear mapping ϕ
x is a subalgebra of g, called the stabilizer of x . The action ϕ is called transitive if ϕ
x is surjective for any x ∈ M . In this case one also says that (M, O) is a homogeneous space of the Lie superalgebra g.
With any action ϕ :
is the Lie algebra of holomorphic vector fields on M rd . If M is compact, then this homomorphism is the differential of a holomorphic action of a connected complex Lie group G 0 on M rd . Clearly, this action is transitive in the usual sense if ϕ is transitive. It follows that the stabilizers of a transitive action are conjugate by inner automorphisms of g (i.e. the automorphisms from the group generated by exp(ad u), for u ∈ g0).
We also make some remarks concerning vector fields on the split supermanifolds. If (M, O) is split then T is a Z-graded sheaf of Lie superalgebras, the grading being given by
is a Z-graded Lie superalgebra. For studying the cohomology of the tangent sheaf it is useful to relate it to the locally free sheaf E generating O = E. One proves (see [8, 9] ) that for any p ≥ −1 there exists an exact sequence of locally free analytic sheaves over M rd = (M, F) of the form
where Θ = DerF is the tangent sheaf of the manifold M rd . In particular, in the case p = −1 we have an isomorphism
The mapping β is the restriction of a derivation of degree p onto the subsheaf F, and α identifies any sheaf homomorphism E → p+1 E with a derivation of degree p which is zero on F.
The general case can be essentially reduced to the split one in the following way. Endow the tangent sheaf T with the following filtration:
where
Thus we obtain a filtered sheaf of Lie superalgebras. One sees that the associated graded sheaf of Lie superalgebras gr T is naturally isomorphic toT = Der gr O (see [8] ). Hence for any p ≥ −1 we have an exact sequence
1.3. Deformations of compact supermanifolds. We want to recall here some facts from the deformation theory of complex analytic supermanifolds developped in [12] . In order to avoid using the notion of complex analytic superspace, we restrict ourselves to the case of a smooth deformation base which corresponds to the classical Kodaira-Spencer deformation theory. We give the necessary definitions in a very short form, referring to [12] for details. All the supermanifolds are assumed to be compact. Let (M, O) be a compact supermanifold and let (P, F r|s ) be a superdomain in C r|s , 0 ∈ P . A deformation of (M, O) with the base P is a surjective morphism of supermanifolds π : (M, O) → (P, F r|s ), of rank r|s at any point of M, whose fibre π −1 (0) is identified with (M, O). For any t ∈ P the fibre π −1 (t) has a natural structure of the supermanifold which we denote by (M, O) t . A deformation is called trivial if π is the projection of the direct product (M, O) × (P, F r|s ). One defines naturally isomorphic deformations. If a deformation π : (M, O) → P is given then any morphism of superdomains γ : (Q, F p|q ) → (P, F r|s ) such that γ(0) = 0 induces a certain deformation of (M, O) with the base Q.
A deformation (M, O) t , t ∈ P , is called complete at the point 0, if each deformation of (M, O) with the base Q is induced, over a sufficiently small neighborhood of 0 ∈ Q, by a certain holomorphic mapping γ : (Q, 0) → (P, 0). A complete deformation is called versal at the point 0, if the linear mapping d 0 γ is determined uniquely, and universal at the point 0, if the same is true for the mapping γ itself, in a sufficiently small neighborhood of 0 ∈ Q.
The study of deformations of a compact complex supermanifold is closely related to the cohomology of its tangent sheaf T defined in the previous subsection. Here we formulate some principal assertions.
is rigid, i.e. any deformation (M, O) t , t ∈ P , is isomorphic to a trivial deformation over a sufficiently small neighborhood of 0 ∈ P .
II. If H
2 (M, T ) = 0 then there exists a versal deformation of (M, O) whose base is a neighborhood of 0 in
For studying the properties of a concrete deformation, the so-called KodairaSpencer mapping is very important. We shall need its expression in the coordinate form. Let a deformation (M, O) t , t ∈ P , of a supermanifold (M, O) be given. Then the deformation can be expressed in deforming the transition functions of an atlas of (M, O). Let this atlas consist of an open cover (U i ) i∈I of M and local coordinate systems (x
Let us suppose that the supermanifold (M, O) t , t ∈ P is defined in the same cover (U i ) i∈I by the local coordinate system (x
β , and by the transition functions defined in U i ∩ U j and given by (6) x
where φ (ij) α and ψ ij β depend on t ∈ P holomorphically. With any tangent vector u ∈ C r|s we associate the 1-cochain v = (v ij ) of the cover (U i ) i∈I with values in the tangent sheaf T of (M, O) given by
Here u · f is the derivative of a function f (t), t ∈ P , along u at the point 0. It turns out that v is a cocycle. Denoting by k(u) the cohomology class of v, we get a linear mapping k : C r|s → H 1 (M, T ) which is the Kodaira-Spencer mapping corresponding to the deformation.
is complete if and only if the corresponding Kodaira-Spencer mapping k is surjective. If k is an isomorphism then the deformation is versal.
1.4.
A family of Lie superalgebras. As was shown in [3] , among finitedimensional simple complex Lie superalgebras there exists a family depending on one complex parameter. Here we recall the construction of this family given in [10] , where it is denoted by Γ(σ 1 , σ 2 , σ 3 ).
For the Lie superalgebra Γ to be defined we have dim Γ = 9 | 8,
We also assume that the adjoint representation of Γ0 in Γ1 is the tensor product of the standard representations of sl(V i ), i = 1, 2, 3. Then the Lie superalgebra structure on Γ is determined by giving a symmetric bilinear mapping [ , ] : Γ1 × Γ1 → Γ0 invariant under Γ0. One proves that the vector space of all such bilinear mappings is 3-dimensional and is spanned by the mappings q i , i = 1, 2, 3, given by
where ψ i is a fixed non-degenerate skew-symmetric bilinear form on V i and p i :
Thus,
where σ i ∈ C. The Jacobi identity is equivalent to the equation
The corresponding Lie superalgebra is denoted by Γ(σ 1 , σ 2 , σ 3 ). One proves that Γ(σ 1 , σ 2 , σ 3 ) is simple if and only if all σ i = 0. Further, Γ(σ 1 , σ 2 , σ 3 ) and Γ(σ 1 , σ 2 , σ 3 ) are isomorphic if and only if the triple (σ 1 , σ 2 , σ 3 ) can be obtained from (σ 1 , σ 2 , σ 3 ) by a permutation and a multiplication by a non-zero complex number. It follows that Γ(σ 1 , σ 2 , σ 3 ) regarded up to isomorphism essentially depends on one complex parameter. Excluding the Lie superalgebra Γ(0, 0, 0), characterized by the condition [Γ1, Γ1] = 0, we can parametrize our family by the complex projective line CP 1 with homogeneous coordinates σ 1 , σ 2 . One also uses the notation (see [3] )
In terms of α, the isomorphy condition is formulated as follows: D(2, 1; α) D(2, 1; α ) if and only if α and α lie in the same orbit of the group of order 6 generated by α → 1/α and α → −α − 1.
We need an explicit description of the bracket in Γ(σ 1 , σ 2 , σ 3 ) expressed in terms of a basis of this Lie superalgebra. We identify each vector space V i with C 2 and denote by e 1 , e 2 the standard basis of C 2 . Then each sl(V i ) is identified with sl 2 (C). Choose the basis of sl(V i ), i = 1, 2, 3, given by
and any two basic elements with different indices give the zero bracket. Now, we choose the following basis of Γ1:
Using (1) and choosing the determinant of a matrix as ψ i , we get the following tables which express the brackets [ [13] ): Table 1 : Table 2 :
Here
Now we consider certain special cases.
, where Γ1 is a commutative ideal.
(ii) σ 1 = 1, σ 2 = −1, σ 3 = 0. Table 2 
Then k is an ideal and the semidirect decomposition holds
1.5.Root systems and parabolic subalgebras. Flag supermanifolds. Let g be a complex Lie superalgebra. Let us denote by ad i , i = 0, 1, the adjoint representation of the Lie algebra g0 in g0 and g1, respectively. We say that g is of classical type if g0 is reductive in g, i.e. if ad 0 and ad 1 are completely reducible. Suppose that g is of classical type and choose a Cartan subalgebra t 0 of g0. Then we get the weights of the representation ad i with respect to t 0 . The non-zero weights are called the even roots (for i = 0) and the odd roots (for i = 1); we denote by ∆ i these two sets of roots and form the disjoint union
called the root system of g (with respect to t 0 ). We have the corresponding root decomposition
where t (the centralizer of t 0 ) is a Cartan subalgebra of g. One sees easily that
Let W denote the Weyl group of the Lie algebra g0 respective to t 0 . Clearly, W acts on ∆, transforming each ∆ i , i = 0, 1, into itself.
There exists a real form t 0 (R) of t 0 such that all the roots take real values on it. For any x 0 ∈ t 0 we set
Clearly, p(x 0 ) is a subalgebra of g. The subalgebras of this form will be called parabolic. Clearly, the subalgebra p(x 0 ) depends only on the subset Σ(
The subsets of this form will be referred to as parabolic ones. The Weyl group W permutes the parabolic subalgebras and the parabolic subsets associated with t 0 . It is well known that in the case g = g0 the above definition gives exactly the subalgebras containing a Borel (i.e. a maximal solvable) subalgebra which contains t = t 0 . It follows that in general case p(x 0 ) ∩ g0 is a parabolic subalgebra of g0 in the usual sense of this word. Note that a parabolic subalgebra of g need not in general contain any maximal solvable subalgebra of g.
As an example, we list all the parabolic subsets of the root system ∆ of the Lie superalgebra Γ(σ 1 , σ 2 , σ 3 ) using the notation of the previous subsection. We choose in g0 sl 2 (C) 3 the Cartan subalgebra
and denote by ε 1 , ε 2 , 3 the dual basis of t * 0 . Then
It follows from (4) and Table 1 that the root subspaces have the following form:
To classify the parabolic subsets of ∆, it is convenient to use instead of W the group Aut(∆) of all automorphisms of ∆. It is generated by W and by all permutations of ε i . We omit the proof of the following assertion.
Proposition 1. Up to a transformation from Aut(∆), the root system ∆ contains only the following six parabolic subsets Σ i = ∆ (the corresponding points x 0 also are indicated):
The inclusions between these subsets are as follows:
In particular, Σ 5 and Σ 6 are the only minimal, while Σ 1 and Σ 3 are the only maximal parabolic subsets of ∆, up to an automorphism from Aut(∆).
Suppose that g is of classical type. A homogeneous space (M, O) of g is called a flag supermanifold of g if the subalgebra g x is parabolic for any x ∈ M . Clearly, in this case M rd is a flag manifold of a reductive complex Lie group G 0 having g0 as its tangent algebra.
A deformation of CP 1|4
2.1. The projective superline as a flag supermanifold. As the simplest example of a flag supermanifold, we consider now the projective superline CP 1|m , m ≥ 1 (see [6] ). A point of it is given by a row of homogeneous coordinates
where ξ j are the odd and x i the even indeterminates, which is defined up to a non-zero complex multiple. We regard (x 0 , x 1 ) as the homogeneous coordinates on M = CP 1 and cover this manifold, as usually, by two coordinate domains U i = {x i = 0}, i = 0, 1. In U i , we may suppose that x i = 1. Thus, we describe the point of CP 1|m by the rows
Here (x, ξ j ) and (x , ξ j ) are local coordinates in U 0 and U 1 respectively and the transition functions in U 0 ∩ U 1 have the form
Clearly, CP 1|m is a split supermanifold, and its reduction is CP 1 . Now, we are going to construct an action ϕ of the Lie superalgebra gl m|2 (C) on CP 1|m . It is defined in a usual way by differentiating the action of the Lie supergroup GL m|2 (C) given by
Denote by E ij ∈ gl m|2 (C) the matrix whose entries are 0 except of the (i, j)-entry which is equal to 1. Expressing the vector fields on CP 1|m by means of the local coordinates in U 0 , we get
One verifies easily that Ker ϕ = I m+2 , so that ϕ induces an effective action of the Lie superalgebra pgl m|2 (C) gl m|2 (C)/ I m+2 on CP 1|m .
The action ϕ is transitive. In fact, Im ϕ contains the vector fields ∂ ∂x , ∂ ∂ξj , j = 1, . . . , m, so that ϕ x is surjective for any x ∈ U 0 . Now, we have x
, and hence the same is true for x ∈ U 1 . Denoting by o the point x = 0 in U 0 , we have
1|m is a flag supermanifold of gl m|2 (C).
Actually, ϕ induces an isomorphism of pgl m|2 (C) onto v(CP 1|m ) (see [8] , [11] ). Now we want to restrict the action ϕ onto the subalgebra osp m|2 (C) of gl m|2 (C). For simplicity, we consider the case m = 4 which we shall study in what follows. The subalgebra osp 4|2 (C) has the basis
It corresponds to the basis of Γ(1, − 
2.2. The construction of a deformation. In this subsection, a 1-parameter holomorphic family of supermanifolds will be constructed which contains CP 1|4 . To do this, it is sufficient to deform the transition functions (12) . Consider the functions
where t ∈ C is a fixed parameter and the following notation is used:
They are holomorphic in U 0 ∩ U 1 . The inverse transformation is given by the holomorphic functions
Gluing together two copies of C 1|4 with the help of these transition functions, we get the family of supermanifolds P(t) holomorphically depending on t ∈ C. Clearly, P(0) = CP 1|4 . It follows from (13) that the split supermanifold corresponding to any P(t) coincides with CP 1|4 (actually, as we shall see later, P(t) is not split for t = 0). Note that we do not, for the sake of simplicity, mention t in the notation of the local coordinates on P(t) (cf. n o 1.3).
It turns out that all the supermanifolds P(t) are flag supermanifolds. To show this, we define certain vector fields on P(t), deforming the vector fields ϕ(e i ), ϕ(f i ), ϕ(h i ), ϕ(z j ) which were given in the previous subsection. Namely, we set
These vector fields are defined on U 0 , but, as the direct calculation shows, all they admit a holomorphic extension to U 1 . For example, we have
Using the direct calculations and Tables 1 and 2 , we get
Here ϕ 0 coincides with the action ϕ of osp 4|2 (C) = Γ(1, −
One verifies easily the following assertion which shows that P(t) is a flag supermanifold of Γ(1, − 1 − t) ). Proposition 3. The action ϕ t is transitive for any t ∈ C. If o ∈ U 0 is the point defined by x = 0, then its stabilizer
is the parabolic subalgebra of Γ(1,
(1 − t)) containing t = h 1 , h 2 , h 3 and corresponding to the maximal subset {−2ε 1 , ±2ε 2 , ±2ε 3 , −ε 1 ± ε 2 ± ε 3 } of the root system ∆ (see Proposition 1, the subset of type 1).
The cohomology of the tangent sheaf of CP
1|4 . Here we calculate the Lie superalgebra H 0 (CP 1 , T ) and the vector superspace H 1 (CP 1 , T ), where T is the sheaf of vector fields on the split supermanifold CP 1|4 (the higher cohomology is, clearly, zero). The results are, in principle, well known, but we shall determine the Z-graded structure and the action of the group SO 4 (C) × SL 2 (C) in these cohomology spaces which will be used in what follows. To compute the cohomology, we shall use the following method applied, e.g., in [8] , [11] . The structure sheaf of CP 4|1 has the form E, where E is a locally free analytic sheaf on CP 1 which is homogeneous with respect to the group GL 4 (C) × GL 2 (C) or to its subgroup SO 4 (C) × SL 2 (C). Since the tangent sheaf Θ of CP 1 is homogeneous, too, we can compute the cohomology of the sheaves E * ⊗ E and Θ ⊗ E using the Borel-WeilBott theory (see [2] ). To proceed in this way, we need the description of the sheaves E and Θ in terms of representations. For the group GL 4 (C) × GL 2 (C) one gets such a description from [9] , where it was given for an arbitrary super-Grassmannian. Having in mind further applications, it will be more convenient for us to use the subgroup G 0 = SO 4 (C) × SL 2 (C) SL 2 (C) × SL 2 (C) × SL 2 (C). Now we give the necessary description in terms of this subgroup.
We shall use the basis e i , f i , h i , i = 1, 2, 3 of the tangent algebra g0 of G 0 given in n o 2.1 and its Cartan subalgebra t 0 = h 1 , h 2 , h 3 . Let ε 1 , ε 2 , ε 3 be the dual basis of t * 0 ; we shall use {2ε 1 , 2ε 2 , 2ε 3 } as the system of positive roots. Denote γ = 1 2 (2ε 1 + 2ε 2 + 2ε 3 ) = ε 1 + ε 2 + ε 3 . Let ρ i , i = 1, 2, 3, denote the standard representations of the simple factors of G 0 having ε i as its highest weights and let Ad i denote the adjoint representations of these factors. We denote by 1 the 1-dimensional trivial representation. The reductive part of the stabilizer P = (G 0 ) o is R = SO 4 (C) × C × , where C × is embedded into SL 2 (C) by z → diag(z, z −1 ). Let σ denote the standard representation of C × such that dσ = ε 3 . Then E is determined by the representation ψ of P such that
and the isotropy representation τ of P determining Θ satisfies
Now we calculate the cohomology of A p = E * ⊗ p E. The sheaf A 0 is determined by the representation ψ * with the highest weight
For A 1 we have the representation
Therefore, dim H 0 (CP 1 , A 1 ) = 16, the representation of G 0 splits into 4 components Ad 1 ⊗ Ad 2 , Ad 1 , Ad 2 , 1 of dimensions 9,3,3,1;
For A 2 we have the representation (ψ
For any its weight λ the weight λ + γ is singular. Therefore
For A 3 we have the representation (ψ
For any of highest weights λ of ρ 2 1 ⊗ ρ 2 2 , the weight λ − 2ε 3 + γ = λ + ε 1 + ε 2 − ε 3 has index 1, and (λ + ε 1 + ε 2 + ε 3 ) − γ = λ. It follows that
, the representation of G 0 splits into 4 components Ad 1 ⊗ Ad 2 , Ad 1 , Ad 2 , 1 of dimensions 9,3,3,1.
For A 4 we have the representation (ψ
For its highest weight λ we have λ + γ = 2ε 1 + 2ε 2 − 2ε 3 . Thus, λ + γ has index 1 and (2ε 1 + 2ε 2 + 2ε 3 ) − γ = ε 1 + ε 2 + ε 3 . Therefore,
Similarly one studies the cohomology of B p = Θ ⊗ p E.
The sheaf B 0 is determined by the representation τ with the dominant highest weight 2ε 3 . Therefore, dim H 0 (CP 1 , B 0 ) = 3 , the representation of G 0 is Ad 3 ;
For B 1 we have the representation (τ ⊗ ψ)|R = ρ 1 ⊗ ρ 2 ⊗ σ with the dominant highest weight ε 1 + ε 2 + ε 3 . Therefore, dim H 0 (CP 1 , B 1 ) =8, the representation of G 0 is ρ 1 ⊗ ρ 2 ⊗ ρ 3 ;
For B 2 we have the representation (τ ⊗ 2 ψ)|R = Ad 1 + Ad 2 . Hence, dim H 0 (CP 1 , B 2 ) = 6, the representation of G 0 splits into 2 components Ad 1 , Ad 2 of dimensions 3, 3;
For B 3 we have the representation (τ
For B 4 we have the representation (τ ⊗ 4 ψ)|R = (σ * ) 2 . It follows that The following representations of G 0 are induced in these cohomology spaces:
Proof. We use the exact cohomology sequences associated with (3) . In all cases, except of one, the mappings in these sequences are determined uniquely. The exceptional mapping is the connecting homomorphism ∂ of the exact sequence
We need to prove that ∂ is injective, or, what is the same, that H 0 (CP 1 , T 2 ) = 0. It can be deduced from a result of [8] , [11] claiming that v(CP 1|4 ) psl 4|2 (C), but we give an easy direct proof here. A vector field X ∈ H 0 (CP 1 , T 2 ) must have in U 0 the form
where a ij , b ij are holomorphic in U 0 . Hence
It follows that a ij = const. Now,
This implies that a ij = b ik = 0 for all i, j, k. Thus, X = 0.
It follows from Proposition 4 that dim H 0 (CP 1 , T ) = 19|16. Since pgl 4|2 (C) has the same dimension, the action ϕ defined in n o 2.1 is an isomorphism pgl 4|2 (C) → v(CP 1|4 ) (see also [8] , [11] ). On the other hand, we have dim H 1 (CP 1 , T ) = 11|8 which was proved in [12] .
It is important for us to know the explicit form of 1-cocycles representing certain cohomology classes. We express them asČech cocycles relative of the cover {U 0 , U 1 } of CP
1 . Such a cocycle v is given by a vector field v 01 defined in U 0 ∩ U 1 .
Proposition 5. The basic element of H 1 (CP 1 , T 4 ) is given by the cocycle v such that
, where φ is holomorphic on U 0 ∩ U 1 . Since the cohomology class of v is not trivial, the vector field v 01 is holomorphic neither on U 0 nor on U 1 . But we have
This implies that φ(x) = cx −1 , where c ∈ C.
A little more complicated argument gives the following assertion.
is given by the cocycle w such that w 01 = x −1 ω.
The cohomology of P(t)
. Now we are able to calculate the cohomology groups H p (CP 1 , T (t)). We use the exact sequences (5) which in our case have the form
We may assume that the action ϕ(t) induces an action of the group G 0 on the structure sheaf of P(t) leaving invariant the parity of an element. Therefore, this action preserves the filtration (2) . Clearly, all homomorphisms in (15) are G 0 -equivariant. Therefore the corresponding cohomology exact sequence is an exact sequence of G 0 -modules and their homomorphisms. Using (14) for q = 4, 3, 2, we see from Proposition 4 that
In the case q = 1 we have the exact sequence
We are going to prove that its connecting homomorphism is injective or, what is the same, that H 0 (CP 1 , T (t) (1) ) = 0. If it is not the case, there should be a vector field
mapped onto the highest vector X 0 of the G 0 -module
where a i , b k ij , c k are holomorphic in U 0 . Now, X is a highest vector relative to G 0 of the weight ε 1 + ε 2 + ε 3 . In particular, [E 1 , X] = 0, which implies that all a i , b k ij , c k are constant. From [H 1 , X] = X we get easily that all a i = c k = 0. Thus,
Therefore,
We also have
One checks immediately that X(ξ 3 ) contains the term 2tx −1 δ and, hence, is not holomorphic in U 1 , if t = 0. This gives a contradiction.
It follows that
In the case q = 0 we have the exact sequence
Here we have to prove that the connecting homomorphism ∂ maps the irreducible components of H 0 (CP 1 , T 0 ) of dimensions 9 and 1 injectively. The component of dimension 9 is dealt with by an argument, similar to one applied above. The invariant basic element of H 0 (CP 1 , T 0 ) is the vector field
We can lift ∇ on U 0 to the section ∇(t) of the sheaf T (t) (0) and on U 1 to the section ∇ (t) of the same sheaf, where ∇(t) and ∇ (t) are expressed in the deformed coordinates on P(t) by the same formula as ∇. Then ζ = ∂(∇) is represented by the cocycle z such that
It follows from Proposition 5 that ζ = 0 for t = 0. Thus, we have for t = 0
with the trivial representation.
In the latter 1-dimensional vector space, we may choose as a basic element the class of the cocycle v given by (13) . In the case q = −1 we have the exact sequence
Clearly, it follows that, for t = 0,
The above argument implies the following theorem
) is a trivial G 0 -module of dimension 1|0 whose basic element θ is represented by the cocycle v such that
Corollary. (i) If t = 0 then P(t) is not isomorphic to CP 1|4 and, hence, is nonsplit.
(ii)If t, t = 0 and P(t) P(t ) then t is obtained from t by a fractional linear transformation from a group generated by t → −t and t → 3+t 1+t . Proof. (i) By Theorem 1, v(P(t)), t = 0, is not isomorphic to pgl 4|2 (C).
(ii) If P(t) P(t ) then v(P(t)) v(P(t )) and, hence, Γ(1, (1 − t ) ). Now the assertion follows from n o 1.4.
Now we want to deduce from Theorem 1 the universality of our deformation.
Theorem 2. The deformation P(t) with the base C 1|0 is universal at any point t = 0.
Proof. Since H 2 (CP 1 , T (t)) = 0, we may apply the assertion III from n o 1.3. Using (8), we see that for any t ∈ C the cohomology class k( ∂ ∂t ) is represented by the cocycle v such that
We see from the proof of Theorem 1 that, for any t = 0, v is cohomologous to the cocycle v given by v 01 = 2x
is an isomorphism for any t = 0. Hence the deformation is versal at any t = 0. The universality follows from Corollary (ii) of Theorem 1 which implies that, for each t 0 = 0, P(t) and P(t ), t = t , are not isomorphic for any t, t sufficiently close to t 0 .
A deformation of a super-Grassmannian
3.1. The simplest non-split super-Grassmannian. We consider here the complex super-Grassmannian Gr 2|2,1|1 which, as was proved in [6] , is non-split. A point of it is given by a matrix of the form
where u i , v i are even and ξ j , η j the odd indeterminates, defined up to multiplication by an invertible (1|1) × (1|1) matrix on the left. We regard (u 0 , u 1 ) and (v 0 , v 1 ) as homogeneous coordinates on two copies of the projective line CP 1 and construct the cover of M = CP 1 × CP 1 by the open sets U 1 , U 2 , U 3 , U 4 defined, respectively, by the following four conditions:
Multiplying (16) by the inverse of an invertible 2 × 2 submatrix replaces this submatrix by the identity matrix. Thus, the point of the super-Grassmannian will be given by a matrix of one of the following forms:
Over U 1 :
We regard the quadruple (x i , y i , ξ i , η i ) as a local coordinate system of the superGrassmannian Gr 2|2,1|1 in U i , i = 1, 2, 3, 4, x i , y i being the even coordinates and ξ i , η i the odd ones. The transition functions on the intersections U 1 ∩ U i , i = 2, 3, 4, have the following form: 
We note that U i ∩ U j = ∅ for all i, j and that the remaining transition functions can be easily got from (17). Thus, the super-Grassmannian Gr 2|2,1|1 can be constructed by gluing together four copies of the superdomain C 2|2 with the help of the functions (17). The reduction of this supermanifold is CP 1 × CP 1 . The supermanifold Gr 2|2,1|1 is a flag supermanifold of the Lie superalgebra gl 2|2 (C). The action ϕ of this Lie superalgebra is defined by differentiating the action of the Lie supergroup GL 2|2 (C) on Gr 2|2,1|1 which multiplies the matrix (16) by A −1 , A ∈ GL 2|2 (C), on the right. We use the notation of n o 2.1 for the basic matrices E ij and express the vector fields on Gr 2|2,1|1 by means of the local coordinates on U 1 , denoting them for brevity just as x, t, ξ, η. The direct computation shows that
Clearly, Ker ϕ = I 4 , so that ϕ induces an effective action of pgl 2|2 (C). One checks easily that the action is transitive. Denoting by o the point x = y = 0 in U 1 , we see that
, where x 0 = E 11 + E 33 ∈ t(R) in the notation of n o 2.1.
3.2.
A deformation of Gr 2|2,1|1 . We shall construct here a deformation of Gr 2|2,1|1 with the base C 2|0 . In order to do this, we define the following rational functions x it , y it on U i , i = 1, 2, 3, 4, holomorphically depending on t ∈ C:
Then, for any pair (t 1 , t 2 ) ∈ C 2 , the functions x it1 , y it2 , ξ i , η i form a local coordinate system in a neighborhood of any point of U i − {x i = y i = 0}. Therefore, in U i ∩ U j , i = j, we have
where F ij are holomorphic functions, depending holomorphically on t 1 , t 2 . Clearly, F ij can serve as transition functions for a supermanifold G(t 1 , t 2 ). The direct computation, using (17), shows that these transition functions on U 1 ∩U i , i = 2, 3, 4, has the form
Here again, one determines easily the transition functions on the remaining intersections U i ∩ U j . Clearly, G(−1, 1) = Gr 2|2,1|1 , while G(0, 0) is the split supermanifold corresponding to Gr 2|2,1|1 and to any other supermanifold G(t 1 , t 2 ).
Starting to study this family of supermanifolds, we first show that it contains some pairs of isomorphic ones.
Proposition 7.
The following pairs of supermanifolds are isomorphic (for any
Proof. (i) We denote by x i (c), y i (c), ξ i (c), η i (c) the local coordinates on G(ct 1 , ct 2 ), corresponding to x i , y i , ξ i , η i , and define the isomorphism G(t 1 , t 2 ) → G(ct 1 , ct 2 ) by
It must be identical on M = CP 1 × CP 1 , and we need only to verify that our correspondence preserve the transition functions. We omit an easy calculation confirming this.
(ii) Denote by x i , y i , ξ i , η i the local coordinates on U i on G(t 2 , t 1 ) corresponding to x i , y i , ξ i , η i . In this case the isomorphism should map U 1 and U 4 onto itself and permute U 2 and U 3 . We give it by the formulas
omitting the necessary verifications. Now we want to show that all G(t 1 , t 2 ) are flag supermanifolds. It turns out that the vector fields ϕ(E ij ) on Gr 2|2,1|1 described above can be deformed into holomorphic vector fields on any G(t 1 , t 2 ), (t 1 , t 2 ) ∈ C 2 . These deformed fields are as follows:
Here we set
We note, besides, that in these formulas
and Z 7 , Z 8 are deformed images of −E 13 , −E 14 respectively. One checks easily that the vector fields E i , F i , H i , Z j , defined above are holomorphic on the whole G(t 1 , t 2 ). But they do not span a subalgebra of v(G(t 1 , t 2 )) if t 1 or t 2 is not 0. In fact, we have
Thus, we get the new two vector fields
which actually are holomorphic on G(t 1 , t 2 ) for all t 1 , t 2 . Using Tables 1 and 2 from n o 1.4, one proves
, there exists a unique action ϑ (t1,t2) of the Lie superalgebra Γ(
(ii) The action ϕ on Gr 2|2,1|1 defined in n o 3.1 can be decomposed as ϕ = ϑ (−1,1) • χ, where χ is the homomorphism gl 2|2 (C) → Γ(
One also verifies the following assertion:
Proposition 9. The action ϑ (t1,t2) is transitive for any (t 1 , t 2 ) ∈ C 2 ). If o ∈ U 1 is the point given by x = y = 0 then
is the parabolic subalgebra of Γ(
, h 3 and corresponding to the maximal subset {2ε 1 , 2ε 2 , ±2ε 3 , ε 1 ± ε 2 ± ε 3 , −ε 1 + ε 2 ± ε 3 } of the root system ∆ (the subset Σ 3 of Proposition 1).
3.3.
Another view on the family G(t 1 , t 2 ). Suppose that a split supermanifold (M, F E) of dimension n|2 is given. In [6] , Ch.4, Sec.2, Prop.9, a family of supermanifolds was constructed which contains all the supermanifolds having (M, F E) as the associated split supermanifold (a generalization to higher odd dimensions see in [12] ). This family is parametrized by elements where I = Ker red 2 E as sheaves of F-modules. We want to show now that in the case, when (M, F E) = G(0, 0), this family essentially coincides with G(t 1 , t 2 ). We use the method applied in [6] , Ch.4, Example 16.
Let us denote by O(t 1 , t 2 ) the structure sheaf of G(t 1 , t 2 ). Then O = O(−1, 1) is the structure sheaf of Gr 2|2,1|1 and O(0, 0) can be identified with F E, where E = J /(J ) 2 , J = (O1). We have
To describe the basic cohomology classes, consider the coordinate cover (U i ) 1≤i≤4 of M . It is shown in [6] that a basis of this cohomology space is formed by the classes ζ 0 , ζ 1 of the cocycles z 0 , z 1 defined by Proof. One repeats an argument from [6] . Give a local splitting over U i , i = 1, 2, 3, 4, of the extension (18) by
Then the characteristic class ζ is represented by the cocycle z such that z ij = q j −q i . Using (17), one sees that We proceed now as in n o 2.4, using the exact sequences (5). Denoting by T (t 1 , t 2 ) the tangent sheaf of G(t 1 , t 2 ), we have the following exact sequences of G 0 -sheaves and their equivariant homomorphisms: 0 → T (t 1 , t 2 ) (q+1) → T (t 1 , t 2 ) (q) → T q → 0, q = −1, 0, 1, 2.
It follows from Proposition 11 that H 0 (M, T (t 1 , t 2 ) (2) ) = H 0 (M, T (t 1 , t 2 ) (1) ) = 0,
H 2 (M, T (t 1 , t 2 ) (2) ) = H 2 (M, T (t 1 , t 2 ) (1) ) = 0.
In the case q = 0 we have the exact cohomology sequence
implying that H 2 (M, T (t 1 , t 2 ) (0) ) = 0.
The main problem here is to study the connecting homomorphism ∂. We want to show that dim Im ∂ = 1 if (t 1 , t 2 ) = (0, 0). 
In the case q = −1 we have the exact sequence
It follows that, for (t 1 , t 2 ) = (0, 0),
H 2 (M, T (t 1 , t 2 )) = 0.
The above argument implies the following theorem. We have
We finish by proving that our deformation is complete at any (t 1 , t 2 ) ∈ C 2 .
